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Conformal Blocks and Correlators in WZNW Model.
I. Genus Zero.
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and
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We consider the free field approach or bosonization technique for the Wess-
Zumino-Novikov-Witten model with arbitrary Kacˇ-Moody algebra on Riemann sur-
face of genus zero. This subject was much studied previously, and the paper can
be partially taken as a brief survey. The way to obtain well-known Schechtman-
Varchenko solutions of the Knizhnik-Zamolodchikov equations as certain correlators
in free chiral theory is revisited. This gives rise to simple description of space of the
WZNW conformal blocks. The general N -point correlators of the model are con-
structed from the conformal blocks using non-chiral action for free fields perturbed
by exactly marginal terms. The method involved generalizes the Dotsenko-Fateev
prescription for minimal models. As a consequence of this construction we obtain
new integral identities.
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1 Introduction
The Wess-Zumino-Novikov-Witten model [1, 2, 3] has a long history. Its exceptional role is
determined by the fact that this model can be in broad sense thought of as a generator of all
the 2d conformal theories [4]. Since the seminal work by Knizhnik and Zamolodchikov [5] much
effort has been made to obtain exact solution of WZNW model [6, 7, 8, 9, 10, 11, 12]. The
most progress was achieved in solving the model by means of its representation in terms of the
free fields (bosonization approach). Since the work by Wakimoto [13] this approach has been
developed by many groups [9, 14, 15, 16, 17, 18].
In fact, it is possible to think of conformal theories as just of theories of free fields with
additional constraints on the space of states. A good example of how this idea works is the
well-known Dotsenko-Fateev free field representation for minimal models [19]. There exist a
lot of serious arguments in favour of applicability of such a viewpoint to the WZNW model.
For instance, in geometrical quantization approach the WZNW Lagrangian may be naturally
considered as a d−1 of a Kirillov-Konstant form on the orbit of Kacˇ-Moody coajoint represen-
tation [14]. After choosing Gauss parameterization for the group element the action becomes
diagonalized and quadratic in the corresponding fields [9]. Thus the free field representation
of the WZNW model canonically arises. Unfortunately, since in general the transformation to
the free variables is highly non-local, it is hard to describe it carefully. In fact, this way one
can only conjecture expressions for the conformal blocks (see [9] for more detailed discussion).
It is worth mentioning that there exists an alternative approach due to Gawe¸dzki et al. [20]
based on the correspondence between the Chern-Simons theory in the bulk that spans some
surface and the WZNW model on this surface. This correspondence links the correlators in
WZNW model and scalar product on the quantum states space of the CS theory. The last
one can be calculated using the Iwasawa parameterization of the gauge field. After that the
corresponding action also becomes Gaussian and explicit expressions for the scalar products
can be obtained [20].
However it seems that at present a brief and clear description of such a point of view on the
WZNW model is absent in literature. This paper is a small step in this direction. Although
the problem of primary interest is that of the WZNW model on higher genus, we start our
investigation with the simplest genus zero case. This subject has been studied previously, and
the paper can be partially taken as a survey. Our other purpose here is to prepare the necessary
background for the second paper in the series, devoted to the higher genus case.
Our ideology of the WZNW model description is quite simple. The correlators and hence
conformal blocks should satisfy a set of the operator product expansions (OPE), fixed in boot-
strap approach [5, 21]. We realize these OPE in terms of free fields thus ensuring in correct
local properties of our expressions. The correctness of the global properties follows then from
the useful fact that “there are not so many good objects on Riemann surface” (a slang variant
of the Riemann-Roch theorem). This rough statement turns to be remarkably confirmed: as
the result, we obtain the well-known Schechtman-Varchenko solutions [22] of the Knizhnik-Za-
molodchikov equations.
To represent all the primary fields from the multiplet we introduce a generating function in a
way which is quite similar to the exponential map from algebraic to the group elements. We also
mention that one can use an alternative generating function from [17, 18], which corresponds
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to the algebra representation on the polynomial ring. However, to compare the answers with
the solutions [22] one needs an exponential generating function.
Let us list some results:
1. For the SU(2)k WZNW model we claim that the N -point correlator of the spinless
primary fields coincides with the N -point correlator of the “dressed” vertex operators in the
theory with the action
S ′φβγ =
1
4π
∫
d2z

12∂φ∂¯φ− β∂¯γ − β¯∂γ¯ + i
√
2
k + 2
Rφ + ββ¯ exp

−i
√
2
k + 2
φ



 (1.1)
The last term in the integrand is exactly marginal and one should calculate correlators as a
power series over this term. In fact, often after functional integration a single term survives in
expansion.
The “dressed” vertex operator associated with the primary field from the highest weight j
representation is
V˜j = e
γfL : ei
√
2
q
jφ : eγ¯fR (1.2)
where fL and fR are the su(2) step generators, which form the “left” and “right” representa-
tions. Thus, our claim is:
〈
Φ∆j1 (z1, z¯1) . . .Φ∆jN (zN , z¯N)
〉
WZNW
= const
〈
V˜j1(z1, z¯1) . . . V˜jN (zN , z¯N)
〉
S′
φβγ
(1.3)
This construction may be easily generalized for other Lie groups. As a result one can calculate
the N -point correlators in group G WZNW model as correlators of “dressed” vertex operators
in the theory of free fields perturbed by exactly marginal terms. The number of the fields
necessary for bosonization is defined by the rank G while the marginal terms correspond to the
“squared modules” of simple screening currents.
2. As a result of the above suggestion we obtain expressions which satisfy all the require-
ments necessary for the WZNW correlators:
i) the holomorphic factorization property
ii) correct conformal properties; this means that the behavior of a correlator as a function
of the primary fields insertion points under the change of coordinates on the surface is governed
by the stress-tensor and corresponding conformal dimensions
iii) satisfy the differential (Knizhnik-Zamolodchikov) and additional algebraic equations,
which reflects the null-vectors decomposition
iv) be a well-defined function of the primary fields insertion points; in other words, the
monodromy of the correlator when one insertion point is moved around the others should be
trivial.
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3. We suggest a set of non-trivial integral identities, the simplest one is the following:
|x|1/3 |1− x|1/3
∫
d2t1 |t1|−2/3 |t1 − x|−2/3 |t1 − 1|−2/3 ×
×
∫
d2t2 |t1 − t2|4/3 |t2|−2/3|t2 − x|−2/3 |t2 − 1|−2/3
∣∣∣∣∣ 1t1(t2 − 1) +
1
t2(t1 − 1)
∣∣∣∣∣
2
=
=
const√
xx¯(1− x)(1− x¯)
(1.4)
All such identities occur in some exceptional cases, when an alternative way to solve the WZNW
model exists. For instance, (1.4) corresponds to the SU(2)k=1 case, when due to special circum-
stances all correlators can be represented in terms of single scalar bosonic field with values on
self-dual circle, see section 5. We have checked some of them numerically. These tests ensure
us in correctness of the proposed construction.
The outline of this paper is as follows. In section 2 we fix notations and briefly review the
basics of the bosonization technique.
In section 3 we describe how the Schechtman-Varchenko solutions of the Knizhnik-Zamo-
lodchikov equations can be obtained as certain correlators in the free chiral theory. As a
consequence, we obtain essential interpretation of the “resonance conditions” from [24] as a
neutrality condition on vertex operators in the free field theory, which is necessary for obtaining
a non-vanishing result.
After that, in section 4 we turn to the problem of “gluing” correlators from the conformal
blocks. We use a simple prescription to obtain the conformal blocks: First, add to the free
(non-chiral) action exactly marginal terms which are “squared modules” of screening currents
integrated over whole surface in question. Second, take the power series over these terms. The
method involved generalizes the Dotsenko-Fateev prescription for minimal models.
In section 5 we suggest a set of new integral identities. These identities arise when an al-
ternative way to solve the WZNW model exists. The lhs and rhs are the correlators calculated
in two different ways. They have equal conformal, algebraic and analytical properties. More-
over, they obey the same differential and algebraic equations. Thus at least at physical level
we can conclude that they should be equal. This results in the non-trivial relations between
(generalized) hypergeometric functions. We have checked some of them numerically performing
a number of tests on proposed construction.
Finally, section 6 describes various open problems and directions for future research.
2 Basics of the Bosonization Technique
For most of the material presented in this section, see [9, 17] and references therein. We concen-
trate our attention on the su(2) algebra. After careful analysis of this case the generalization
for the arbitrary algebras is straightforward.
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2.1 Notations for the finite dimensional algebra
Let g be a simple finite dimensional complex Lie algebra of dim g = d and rankg = r. Let 〈 , 〉
be an invariant scalar product (Killing form) on g normalized in such a way that 〈θ, θ〉 = 2,
θ being the highest root. The set of positive roots is denoted ∆+. The simple roots are
{αi}i=1,...,r. For a vector space V, V∨ will always denote the dual space. The Cartan matrix
is Aij = 〈α∨i , αj〉, the dual Coxeter number is h∨ =
r∑
i=1
α∨i + 1. Commutator relations of the
Chevalley generators ei, hi, fi (where subscript i is for the αi) are:
[hi, hj ] = 0, [ei, fj ] = δijhj, [hi, ej] = Aijej , [hi, fi] = −Aijfj (2.1)
We will use the highest weight ~j = {j1, . . . , jr} representation of g, the highest weight vector
is denoted by
∣∣∣~j,~0〉:
∣∣∣~j, ~m〉 = fm11 . . . fmrr
∣∣∣~j,~0〉 , hi ∣∣∣~j,~0〉 = 2ji ∣∣∣~j,~0〉 , ei ∣∣∣~j,~0〉 = 0. (2.2)
Relations (2.2) define a Verma module V(~j) over g.
For the algebra su(2) generators e, f, h we have explicitly:
[h, e] = 2e, [h, f ] = −2f, [e, f ] = h. (2.3)
The highest weight representation with spin j ∈ N/2 is:
|j,m〉 = fm |j, 0〉 , h |j, 0〉 = 2j |j, 0〉 , e |j, 0〉 = 0, f 2j+1 |j, 0〉 = 0. (2.4)
Another useful algebra realization is given in terms of the differential operators acting on the
polynomial ring C[xα]. The su(2) realization is:


f = ∂x
h = 2x∂x − 2j
e = −x2∂x + 2jx
(2.5)
The polynomial highest weight representation follows from the identification:
|j,m〉 ↔ x
2j−m
(2j −m)! . (2.6)
2.2 Free fields
Let us recall some facts about free fields of use to bosonization procedure. The first is a scalar
massless bosonic field φ with values in the circle, described by the action:
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Sφ =
1
4π
∫ 1
2
∂φ∂¯φ d2z. (2.7)
With equations of motion in mind it is useful to introduce chiral parts of the φ field:
φ(z, z¯) = φL(z) + φR(z¯) (2.8)
Then we obtain the following OPE:
φL(z)φL(w) = − log(z − w) +O(1), φR(z¯)φR(w¯) = − log(z¯ − w¯) +O(1). (2.9)
From (2.7) a useful formula for the vertex operators correlator follows2:
〈
N∏
i=1
: exp(iαiφ(zi, z¯i)) :
〉
Sφ
=
∏
i<l
(zi − zl)αiαl(z¯i − z¯l)αiαlδΣαi,0, (2.10)
where the Cronecker’s symbol comes from the integration over the φ-field zero mode. The
holomorphic factorization in this expression is evident. The constraint Σαi = 0 will be of great
importance for us. It is conventionally referred to as a neutrality condition.
The action (2.7) can be deformed to
SR =
1
4π
∫ (1
2
∂φ∂¯φ+ iαφR√g
)
d2z, (2.11)
where R and g are the two-dimensional scalar curvature and metric determinant correspond-
ingly. After choosing a special metric ds2 = |ω(z)|2 on a sphere, where ω(z) is a meromorphic
1-differential, the last term in the integrand becomes proportional to the δ-function. It gives
the nonzero contribution only in the singular point R of the ω(z). Thus from such a point of
view the term with the curvature results in the insertion of the vertex operator
Vvac(R) =: exp (iαφ(R)) : (2.12)
to the point R of the surface. This operator is conventionally referred to as a ”vacuum”
charge [19].
Note that the field φ in modified action (2.11) should take values in the circle with the
radius defined by identification φ ∼ φ+ 2π/α.
The second of the fields is a bosonic βγ systems with β of spin 1 and γ spin 0. There are
chiral and anti-chiral versions of the corresponding action:
2Where αi are just a complex numbers.
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Sβγ =
1
4π
∫
β∂¯γ d2z, Sβ¯γ¯ =
1
4π
∫
β¯∂γ¯ d2z, (2.13)
from which we read the following OPE
β(z)γ(w) =
1
z − w +O(1), β¯(z¯)γ¯(w¯) =
1
z¯ − w¯ +O(1). (2.14)
General N-point correlators in βγ system are calculated using the Wick’s theorem and Green’s
functions of the ∂¯ and ∂ operators corresponding to the singular parts in the rhs of (2.14)
〈
N∏
i=1
β(zi)
M∏
l=1
γ(wl)
〉
Sβγ
= δNM
∑
perm{σ}
1
z1 − wσ1
. . .
1
zN − wσN
, (2.15)
and a similar one for the anti-chiral system. The neutrality condition now is #β = #γ.
2.3 Free field realization of the Kacˇ-Moody algebras
Let us concentrate on the holomorphic (chiral) objects. For the sake of brevity up to section
4 we will use the notation φ for the chiral part φL(z) of the φ(z, z¯). Kacˇ-Moody algebra gˆ
associated with the Lie algebra g can be described in terms of currents Ja(z) with OPE
Ja(z)J b(w) =
k
2
qab
(z − w)2 +
fabc
z − wJ
c(w) +O(1), (2.16)
where tensors fabc and q
ab are structure constants of algebra g and invariant Killing form. For
the case of g = su(2) they have components:
q00 =
1
2
q+− = 1, f+−0 = −2, f 0−− = −f 0++ = 1. (2.17)
It is an easy exercise to check, that the currents
J+ = β
J0 =: βγ : − iq√
2
∂φ
J− = − : βγ2 : +i
√
2qγ∂φ+ (q2 − 2)∂γ
(2.18)
form the su(2)k algebra at the level k = q
2. Note that these currents are obtained from the
differential operator representation (2.5) by the substitution
∂ → β, x→ γ, j → iq√
2
∂φ (2.19)
7
and a subsequent renormalization by adding an anomalous term (q2 − 2)∂γ to the last line of
the (2.18).
Let the level k be an integer. As a next step we construct a finite-dimensional su(2)k highest
weight representation with spin j:


Vj,0 =
γ2j
(2j)!
: exp
(
i
√
2j
q
φ
)
:
Vj,1 =
γ2j−1
(2j−1)! : exp
(
i
√
2j
q
φ
)
:
. . .
Vj,2j = : exp
(
i
√
2j
q
φ
)
:
(2.20)
The first operator in this series is the highest weight vector of the representation, it has no
singularity in the OPE with the ”rising” current J−. Acting on Vj,0 by the “lowering” current
J+ one obtains all representation step by step. The series is truncated because of the vanishing
factor at the singular term in the OPE J+(z)Vj,2j(w). More explicitly,


J+(z)Vj,m(w) =
1
z−wVj,m−1(w) +O(1)
J0(z)Vj,m(w) =
j−m
z−wVj,m(w) +O(1)
J−(z)Vj,m(w) =
m(2j−m)
z−w Vj,m+1(w) +O(1)
(2.21)
The correspondence of (2.20) with the polynomial representation (2.6) is evident.
To study conformal properties of the vertex operators (2.20), we need a stress-tensor. It is
provided by the Sugawara construction:
T (z) =
qab
k + h∨
: Ja(z)J b(z) : (2.22)
where h∨ is a dual Coxeter number (quadratic Casimir operator in the adjoint representation),
h∨(SU(N)) = N , and qab is dual to the qab. In the case of su(2) one obtains by direct
calculation:
T =: β∂γ : −1
2
: (∂φ)2 : − i√
2q
∂2φ. (2.23)
Note that this stress-tensor corresponds to the action:
Schiral =
1
4π
∫ (
1
2
∂φ∂¯φ− β∂¯γ + i
√
2
q
φR√g
)
d2z, (2.24)
where the term with the curvature induces the vacuum charge
8
Vvac(R) =: exp
(
i
√
2
q
φ(R)
)
: (2.25)
From the OPE with the stress-tensor (2.23), it follows that the conformal dimensions of all
the operators from the representation (2.20) are equal to
∆j =
j(j + 1)
k + 2
. (2.26)
Besides the primary family (2.20) there is one more operator of great importance to us — the
so-called screening current of the conformal dimension (1,0). The integrals of this current along
the closed contours are the screening charges (Feigin-Fuchs operators [23]). Conformal blocks
are constructed as correlators of vertex operators (2.20) with the appropriate number of the
screening charges insertions [9, 10]. The crucial property of the screening charges is that they
commute with the Kacˇ-Moody currents and have zero conformal dimension. Thus insertion
of such operators does not affect the conformal and algebraic properties of the correlator,
but serves to “screen” out the extra charge to satisfy the neutrality condition. For the su(2)
conformal blocks we will use the following screening charge [9]:
∮
dtS(t) =
∮
β(z) : exp
(
−i
√
2
q
φ(z)
)
: dz (2.27)
Let us briefly discuss the free field realization for the arbitrary Kacˇ-Moody algebra gˆ. (For
more details see [17, 18] and references therein.) One starts with the differential operator
realization of the associated Lie algebra g on the polynomial ring C[xα], given by the following
expressions for the Chevalley generators:


eα(x, ∂) =W
β
α (x)∂β
hi(x, ∂, j) =W
β
i (x)∂β + λi
fα(x, ∂, j) = W
β
−α(x)∂β + P lα(x)λl
(2.28)
Then one introduces a r copies of the free φ, β, γ fields with OPE:
φi(z)φj(w) = −δij log(z − w), βi(z)γj(w) = δij
z − w. (2.29)
After that the expressions for the corresponding Kacˇ-Moody currents are obtained by the
substitution:
∂i → βi(z), xi → γi(z), λi → iq∂φi(z) (2.30)
9
and a subsequent renormalization by adding an anomalous term F anomi (γ(z), ∂γ(z)) to the lower
part of the (2.28). The primary fields are given in the terms of the following vertex operators:
V~j,~m(z) =
m∏
i=1
γ2ji−mii (z)
(2ji −mi)! : exp
(
i
√
2
q
~j~φ(z)
)
: . (2.31)
The screening currents (of the first kind, in the termininology of [17, 18]) are:
Si(z) =: W
δ
αi
(−γ(z)) βδ(z) exp
(
−i
√
2
q
~αi~φ(z)
)
: (2.32)
3 Conformal Blocks
3.1 Knizhnik-Zamolodchikov and additional algebraic equations
It is well known, that the correlators in WZNW theory satisfy the system of differential equa-
tions first found by Knizhnik and Zamolodchikov3 [5]:

κ ∂
∂zi
−∑
l 6=i
tai t
a
l
zi − zl

 〈Φ1(z1, z¯1) . . .ΦN(zN , z¯N)〉WZNW = 0 (3.1)
where tai is a generator of algebra g that acts on the primary field Φi belonging to the ith
representation. The summation over the a indices in (3.1) is assumed. The (complex) parameter
κ is equal to k + h∨. Due to the holomorphic factorization property of the correlators in
conformal field theory [21] we have:
〈Φ1(z1, z¯1) . . .ΦN (zN , z¯N)〉WZNW =
∑
a,b
Cab Fa(z1, . . . , zN) Fb(z1, . . . , zN). (3.2)
where the gluing constants Cab are related to the structure constants of operator algebra. In
fact, (3.1) is a system of differential equations on the so-called conformal blocks Fa(~z). From
the mathematical point of view, conformal block is a multivalued function (to be more precise,
section of a holomorphic bundle over the moduli space of the principal G-bundles over the
punctured CP1) of the N variables ~z ≡ (z1, . . . , zN) with values in the tensor product of N
Verma modules V(~j1)⊗. . .⊗V(~jN ) over g. In notation from the subsection 2.1 the KZ equations
looks like:
κ
∂
∂zi
F(~z) =∑
j 6=i
Ωij
zi − zj F(~z). (3.3)
3There is an antiholomorphic system of equation as well.
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where
Ωij ≡
r∑
l=1
1
2
(hl)i ⊗ (hl)j +
∑
α∈∆+
((eα)i ⊗ (fα)j + (fα)i ⊗ (eα)j) . (3.4)
and (aα)i stands for the element 1⊗ . . . aα . . .⊗ 1 with aα in the ith place.
For the su(u) case the additional algebraic equation is:
(
N∑
i=1
fi
z − zi
)k−2j+1
〈Φj(z)Φj1(z1) . . .ΦjN (zN)〉WZNW = 0 (3.5)
3.2 su(2) case
To represent all the primary fields from the multiplet, we will introduce a generating function
that contains all vertex operators from the (2.20). We are interested in generating function of
a special form, having the following OPE with the Kacˇ-Moody currents:
Ja(z)Φ(w) =
ta
z − wΦ(w) +O(1). (3.6)
This form of OPE is fixed in the bootstrap approach [5]. It is easy to check that the generating
function4
V˜j =
2j∑
m=−∞
Vj,mf
2j−m (3.7)
indeed has OPE (3.6) with the su(2)k currents (2.18):


J+(z)V˜j(w) =
f
z−w V˜j(w) +O(1)
H(z)V˜j(w) =
h
z−w V˜j(w) +O(1)
J−(z)V˜j(w) = ez−w V˜j(w) +O(1)
(3.8)
The sum (3.7) can be rewritten in a more suitable form
V˜j(z) ≡ : exp
(
i
√
2
q
jφ(z)
)
: exp (γ(z)f) , (3.9)
4The terms which contain fn, n > 2j vanish when V˜j acts on the vacuum vector |j, 0〉, so they are not
important.
11
to which we will refer as to a “dressed” vertex operator. Note that this form of the generating
function is quite similar to the exponential mapping from algebra to a group.
Now we are ready to calculate the conformal blocks. The prescription is quite simple — we
should take the holomorphic part of the “dressed” vertex operator N -point correlator with a
proper number n of the screening charges:
Fa(~z) =
∮
a
dt1 . . . dtn
〈
S(t1) . . . S(tn) V˜j1(z1) . . . V˜jN (zN)
〉
Schiral
~v. (3.10)
where the average with the chiral action (2.24) is assumed. The label a marks different inte-
gration contours. The number n in this formula is dictated by the neutrality condition:
n =
N∑
i=1
ji + 1, (3.11)
where the unity is due to the vacuum charge contribution. Functional integral over the φ field
in (3.10) gives the factor
∏
p<q
(tp − tq) 2κ
∏
i<l
(zi − zl)
jijl
2κ
n∏
p=1
N∏
l=1
(tp − zl)−
jl
κ , (3.12)
while the integral over the βγ fields yields
∑
Σmi=n
1
m1! . . .mN !
〈β(t1) . . . β(tn) γm1(z1) . . . γmN (zN )〉 fm11 . . . fmNN =
=
∑
Σmi=n
∑
perm{σ}
fσ(1)
t1 − zσ(1) . . .
fσ(m)
tm − zσ(m) =
n∏
p=1
N∑
i=1
fi
tp − zi ,
(3.13)
where
∑
perm{σ}
denotes the sum over the permutation group of the numbers {σ(1), . . . , σ(N)}
such that #i = mi among them (i = 1, . . . , N). It is useful to introduce a notation [25]:
Y (~z, t) =
N∏
l=1
(t− zl)−
jl
κ
N∑
i=1
fi
t− zi . (3.14)
Then, putting (3.12) and (3.13) together we obtain:
Fa(~z) =
∏
i<l
(zi − zl)
jijl
2κ
∮
a
dt1 . . . dtn
∏
p<q
(tp − tq) 2κ Y (~z, t1) . . . Y (~z, tn) ~v. (3.15)
One can check using the “brute force” method of [22, 24] that (3.15) indeed satisfies the KZ
equation which for the su(2) case takes the form:
12
κ
∂
∂zi
Fa(~z) =
∑
j 6=i
1
2
hihj + eifj + fiej
zi − zj Fa(~z) , (3.16)
and the algebraic equation (3.5):
(
N∑
i=1
fi
z − zi
)k−2j+1
F (j)a (z0, ~z) = 0, (3.17)
where F (j)a (z0, ~z) denotes the conformal block with insertion of the vertex operator from spin j
representation in the point z0.
Polynomial representation
Note that one can use an alternative generating function [17, 18] which corresponds to the
algebra representation on the polynomial ring:
V˜j(z) = (1 + xγ(z))
j : exp
(
i
√
2
q
jφ(z)
)
: . (3.18)
This generating function satisfies the OPE (3.8) where f, e, h generators are given by (2.5). One
can reduce the problem of the product
∏
i
(1+xiγ(zi))
ji correlator calculation to the problem of
exponents exp(xiγ(zi)) correlator calculation using the formula [17]:
(1 + xγ)j =
j !
2πi
∮
u=0
du u−j−1 exp[(1 + xγ)u] (3.19)
which follows from the Cauchy theorem. After that one obtains the following expression for
the conformal block (3.10) in polynomial representation:
Fa(~x; ~z) =

∏
i<l
(zi − zl)
jijl
2κ

∮
a
(
n∏
i=1
dti
)∏
p<q
(tp − tq) 2κ



 n∏
p=1
N∏
l=1
(tp − zl)−
jl
κ

×
×

 N∏
r=1
jr!
2πi
∮
ur=0
dur u
−jr−1
r e
ur

 n∏
p=1
N∑
l=1
uixi
tp − zi
(3.20)
However, to compare resulting conformal blocks with the solutions of the KZ equations, ob-
tained in [22], one needs to use the first construction for the generation function.
3.3 Simple complex Lie algebras
As we already mentioned, generalization of this construction to an arbitrary simple complex
Lie algebra g is straightforward. One needs just to pass through three stages:
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i) introduce the free chiral action:
Sr =
1
4π
∫
d2z
(
1
2
∂~φ · ∂¯~φ− ~β∂¯~γ + iR
√
g
q
~ρ~φ
)
, (3.21)
where ~φ = {φ1, . . . , φr}, r = rank g, ~a~b ≡
r∑
i=1
aibi, q =
√
k + h∨ and ~ρ stands for the half-sum
of all positive roots.
ii) introduce the generating function:
V˜~j(z) = exp
(
~γ(z)~fL
)
: exp
(
i
√
2
q
~j~φ(z)
)
: (3.22)
iii) introduce the screening currents
Si(z) =: W
δ
αi
(−γ(z)) βδ(z) exp
(
−i
√
2
q
~αi~φ(z)
)
: (3.23)
As a result for the algebra g conformal blocks one obtains:
F ga (~z) =
∮
a
d~t
〈
r∏
i=1
(Si(ti[1]) . . . Si(ti[ki])) V˜~j1(z1) . . . V˜~jN (zN)
〉
Sr
~v, (3.24)
for some {k1, . . . , kr} defined by a neutrality condition. After functional integration the expres-
sion which coincides with the Schechtman-Varchenko solution arises (see also [11, 26]).
4 Correlators
4.1 SU(2) case
Now we turn to the problem of constructing correlators 〈Φ1(z1, z¯1) . . .ΦN (zN , z¯N )〉WZNW .
In more detail the spinless primary field multiplet Φ∆j (z, z¯) corresponding to the conformal
dimension ∆j =
j(j+1)
k+2
looks like
Φ∆j (z, z¯) =
2j∑
m,m¯=0
cmcm¯ Φ
mm¯
∆j
(z, z¯) fmL ⊗ f m¯R (4.1)
with some constants cm,m¯ defined in such a way that OPE (3.8) for Φ∆j (z, z¯) holds. Upper
indicesm and m¯ are for different primary fields from the “left” and “right” multiplet receptively.
To “glue” correlators from the conformal blocks according to the (3.2) we need to know the
gluing constants Cab. They are determined by the natural physical condition on correlators to
be single-valued functions of the primary fields complex coordinates (z, z¯). In mathematical
language, the monodromy with respect to a moving point in the correlator around the others
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should be trivial. The most naive way to obtain an expression with such a property is simply
to get the “squared modules” of the conformal blocks and replace the integration over contours
with the integration over the whole surface. Provided that there is a single choice of Cab (this
is natural from the physicist’s point of view) these prescription will give a correct answer. Thus
formally we can write:
〈
Φ∆j1 (z1, z¯1) . . . Φ∆jN (zN , z¯N)
〉
WZNW
~v ⊗ ~v ∼
∼
∫ n∏
i=1
d2ti
∣∣∣ 〈S(t1) . . . S(tn) V˜j1(z1) . . . V˜jN (zN )〉
∣∣∣2 ~v ⊗ ~v. (4.2)
One can restore original conformal blocks and gluing constants using the following formula
which expresses the integral over the Riemann surface Σ in terms of the integrals over canonical
A,B circles on this surface:
∫
Σ
ω ∧ ω¯′ = ∑
A,B
( ∮
A
ω
∮
B
ω′ −
∮
B
ω
∮
A
ω′
)
. (4.3)
where ω and ω′ are arbitrary holomorphic 1-differentials. The Riemann surface Σ in our case is
a branch covering ofCP1 defined by the multivalued form (3.12) connected with the proper con-
formal block. Corresponding methods of calculation are in fact well known from the Dotsenko-
Fateev [19, 27] representation for minimal models where the same construction is used. As an
example of operator algebra structure constants calculation see [19, 28].
To be more precise we should substitute the following “dressed” vertex operator
V˜j(z, z¯) = exp (γ(z)fL) : exp
(
i
√
2
q
jφL(z)
)
: : exp
(
i
√
2
q
jφR(z¯)
)
: exp (γ¯(z¯)fR) (4.4)
for the “squared modulus” of the V˜j(z) from (4.2). Here fL and fR are the su(2) step generators
which form the “left” and “right” representations. We should also substitute expression
Scr(t, t¯) = β(t)β¯(t¯) exp
(
−i
√
2
q
φ(t, t¯)
)
(4.5)
for the “squared modulus” of the screening currents. Therefore,
〈
Φ∆j1 (z1, z¯1) . . . Φ∆jN (zN , z¯N)
〉
WZNW
~v ⊗ ~v =
= const
∫ n∏
i=1
d2ti
〈
Scr(t1, t¯1) . . . Scr(tn, t¯n) V˜j1(z1, z¯1) . . . V˜jN (zN , z¯N)
〉
S0
~v ⊗ ~v,
(4.6)
where averaging with the free action
S0 =
1
4π
∫
d2z
{
1
2
∂φ∂¯φ− β∂¯γ − β¯∂γ¯ + i
√
2
q
R√gφ
}
(4.7)
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is assumed. Remarkable, expression (4.6) can be rewritten in more simple and profound form
using an old idea suggested by A. M. Polyakov and developed by Dotsenko and Fateev in [19].
Namely, consider the model with the action S ′φβγ = S0+Sint, where interacting term is equal to
Sint =
∫
d2z ββ¯ exp
(
−i
√
2
q
φ
)
(4.8)
and is exactly marginal because of the zero conformal dimension of the exponent. Explicitely,
S ′φβγ =
1
4π
∫
d2z
{
1
2
∂φ∂¯φ− β∂¯γ − β¯∂γ¯ + i
√
2
q
R√gφ+ ββ¯ exp
(
−i
√
2
q
φ
)}
. (4.9)
All correlators in this model are calculated by expanding in Sint. As we know, the correlator
〈
n∏
i=1
exp (iαlφ)
〉
(4.10)
will not vanish only if the neutrality condition
∑
l αl = 0 holds. Therefore, only one term in the
series survive, and this is exactly the term in rhs of the (4.6). Thus, we identify the WZNW
correlators of primary fields Φ∆(ji) with the “dressed” vertex operator correlators in theory with
the action S ′φβγ:
〈
Φ∆j1 (z1, z¯1) . . .Φ∆jN (zN , z¯N)
〉
WZNW
~v ⊗ ~v =
=
∫
D[φ, β, γ, β¯, γ¯] exp(−S ′φβγ) V˜j1(z1, z¯1) . . . V˜jN (zN , z¯N) ~v ⊗ ~v.
(4.11)
Straightforward calculation gives:
〈
Φ∆j1 (z1, z¯1) . . .Φ∆jN (zN , z¯N)
〉
WZNW
~v ⊗ ~v = const ∏
i<l
|zi − zl|
jijl
κ
∫ n∏
i=1
d2ti ×
×

∏
p<q
|tp − tq| 4κ



 n∏
p=1
N∏
i=1
|tp − zi|−
2ji
κ



 n∏
p=1
N∑
i=1
(fL)i
tp − zi



 n∏
q=1
N∑
l=1
(fR)l
t¯q − z¯l

 ~v ⊗ ~v.
(4.12)
Polynomial representation
One can do all the above steps using the polynomial representation (3.18) for the generating
function. As a result in the SU(2) case the following formula arises:
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〈
Φ(j1)(x1, x¯1; z1, z¯1) . . . Φ
(jN )(xN , x¯N ; zN , z¯N)
〉
WZNW
=
= const

∏
i<l
|zi − zl|
jijl
κ

∫ ( n∏
i=1
d2ti
)∏
p<q
|tp − tq| 4κ



 n∏
p=1
N∏
l=1
|tp − zl|−
2jl
κ

×
×

 N∏
r=1
jr!
2πi
∮
ur=0
dur u
−jr−1
r e
ur



 N∏
s=1
js!
2πi
∮
u¯s=0
du¯s u¯
−jr−s
s e
u¯s


∣∣∣∣∣∣
n∏
p=1
N∑
l=1
uixi
tp − zi
∣∣∣∣∣∣
2
.
(4.13)
4.2 Simple complex Lie groups
Generalization of the construction from previous subsection for other groups is obvious. Let us
introduce the action
S~φ~β~γ =
1
4π
∫
d2z
{
1
2
∂~φ∂¯~φ− ~β∂¯~γ − ~¯β∂~¯γ + iR
√
g
q
~ρ~φ +
+
∑
i
W δαi(−γ)W δ¯αi(−γ¯) βδβ¯δ¯ exp
(
−i
√
2
q
~αi~φ(z)
)} (4.14)
and the generating function:
V˜~j(z, z¯) = exp
(
~γ(z)~fL
)
exp
(
i
√
2
q
~j~φ(z, z¯)
)
exp
(
~¯γ(z¯)~fR
)
(4.15)
Then for N-point correlator we obtain the following representation:
〈
Φ∆(~j1)(z1, z¯1) . . . Φ∆(~jN )(zN , z¯N)
〉
WZNW
~v ⊗ ~v =
=
∫
D[~φ, ~β,~γ, ~¯β, ~¯γ] exp(−S~φ~β~γ) V˜~j1(z1, z¯1) . . . V˜~jN (zN , z¯N ) ~v ⊗ ~v.
(4.16)
To obtain expression for the correlator in polynomial representation on needs just to sub-
stitute exponential generating function by the corresponding polynomial one.
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5 New integral identities
5.1 A simple test
Now we do some tests on the proposed construction. It is well known that the SU(2)k=1 WZNW
model can be represented in terms of one φ field with values in the self-dual circle. The su(2)k=1
currents are:
J+ = ei
√
2φ, J0 = i
√
2∂φ, J− = e−i
√
2φ (5.1)
The are only two non-trivial primary fields correspond to the spin 1/2 representation:
Φ↑ = e
i√
2
φ
, Φ↓ = e
− i√
2
φ (5.2)
The 4-point correlator obviously is
〈Φ↑(0)Φ↓(x, x¯)Φ↑(1)Φ↓(∞)〉WZNW =
const√
xx¯(1− x)(1− x¯) (5.3)
From the other hand, the general expression (4.11) in this case gives:
〈Φ↑(0)Φ↓(x)Φ↑(1)Φ↓(∞)〉WZNW ∼ |x|1/3 |1− x|1/3
∫
d2t1 |t1|−2/3 |t1 − x|−2/3 |t1 − 1|−2/3 ×
×
∫
d2t2 |t1 − t2|4/3 |t2|−2/3|t2 − x|−2/3 |t2 − 1|−2/3
∣∣∣∣∣ 1t1(t2 − 1) +
1
t2(t1 − 1)
∣∣∣∣∣
2
.
(5.4)
The equality of this two different expressions for the correlator seems to be a non-trivial fact. It
can be easily checked numerically. Let us describe some steps which reduce the problem to the
statement that some 2-fold integrals over the surface must vanish. This statement was checked
with the help of the Mathematica 3.0 program. As a first step we change the integration
variables:
t1 = t
′
1x, t2 = t
′
2 − (t′2 − 1)x, (5.5)
so that the rhs of (5.4) takes the form
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1√
xx¯(1− x)(1− x¯)
∫
d2t′1 |t′1|−2/3 |1− t′1|−2/3 |1− xt′1|−2/3 ×
×
∫
d2t′2 |1− t′2|−2/3
∣∣∣∣∣ 1− xt
′
2 + t
′
1 − 1
t′2
∣∣∣∣∣
4/3 ∣∣∣∣∣ 1− xt
′
2 − 1
t′2
∣∣∣∣∣
−2/3
×
×
∣∣∣∣∣ 1t′1(t′2 − 1) +
x(1− x)
(t′2 − x(t′2 − 1))(xt′1 − 1)
∣∣∣∣∣
2
.
(5.6)
If the rhs of (5.3) and (5.4) are equal, integral in (5.6) should not depend on x. In order to
check it, we expand this integral to the series in x. As a result of the numerical calculation
it turns out that at least 8 first coefficients cn (n ≥ 1) in front of the xn terms in this series
vanish.
5.2 Applications
New integral identities arise when an alternative way to solve the WZNW model exists. In
these identities lhs and rhs are the correlators calculated in two different ways. They have
equal conformal, algebraic and analytical properties. Moreover, they obey the same differential
and algebraic equations. Thus at least at physical level we can conclude that they should be
equal.
The SU(2)k=1 WZNW 2N -point correlator, calculated with help of bosonization (5.2) is
〈
N∏
i=1
Φ↑(zi, z¯i)
N∏
i=1
Φ↓(wi, w¯i)
〉
WZNW
= const
∏
i<j
|zi − zj |1/2 ∏
i<j
|wi − wj|1/2∏
i,j
|zi − wj |1/2 (5.7)
Comparing with the general expression (4.11) for this correlator gives an identity:

∏
i<j
|zi − zj |1/3 |wi − wj |1/3



∏
i,j
|zi − wj|1/3

∫

N+1∏
p=1
d2ti



∏
p<q
|tp − tq|4/3

×
×

N+1∏
p=1
N∏
i=1
|tp − zi|−2/3 |tp − wi|−2/3


∣∣∣∣∣∣
∑
perm{σ}
1
(tσ(1) − z1) . . . (tσ(N) − zN)
∣∣∣∣∣∣
2
=
= const
∏
i<j
|zi − zj |1/2 ∏
i<j
|wi − wj |1/2∏
i,j
|zi − wj |1/2
(5.8)
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Another integral identity arises when one compares the prediction (4.13) for the 4-point SU(2)k
WZNW correlator in polynomial representation:
〈
Φ(j1)(x1, x¯1; z1, z¯1) . . .Φ
(j4)(x4, x¯4; z4, z¯4)
〉
WZNW
∼
∼

∏
i<l
|zi − zl|
jijl
k+2

∫

Σjl+1∏
i=1
d2ti



∏
p<q
|tp − tq|
4
k+2



Σjl+1∏
p=1
4∏
l=1
|tp − zl|−
2jl
k+2

×
×

 4∏
r=1
jr!
2πi
∮
ur=0
dur u
−jr−1
r e
ur



 4∏
s=1
js!
2πi
∮
u¯s=0
du¯s u¯
−js−1
s e
u¯s


∣∣∣∣∣∣
Σjl+1∏
p=1
4∑
i=1
uixi
tp − zi
∣∣∣∣∣∣
2
(5.9)
with the following expression suggested by Zamolodchikov and Fateev [6]:
〈
Φ(j1)(x1, x¯1; z1, z¯1) . . .Φ
(j4)(x4, x¯4; z4, z¯4)
〉
WZNW
= |x14|4j1|x24|2(j1+j2+j4−j3) ×
×|x34|2(j1+j2+j4−j3) |x32|2(j1+j2+j3−j4) |z14|2ν1 |z24|2ν2 |z34|2ν3 |z32|2µ Uj1j2j3j4(x, x¯; z, z¯),
(5.10)
where
ν1 = −2∆(j1), ν2 = ∆(j2) −∆(j1) −∆(j3) −∆(j4),
ν3 = ∆
(j3) −∆(j2) −∆(j1) −∆(j4),
µ = ∆(j1) +∆(j4) −∆(j3) −∆(j2),
(5.11)
and Uj1j2j3j4(x, x¯; z, z¯) is a function of the projective invariants:
x =
x12x34
x14x32
, x¯ =
x¯12x¯34
x¯14x¯32
, z =
z12z34
z14z32
, z¯ =
z¯12z¯34
z¯14z¯32
, (5.12)
given by the following multiple integral
Uj1j2j3j4(x, x¯; z, z¯) = |z|4
j1j2
k+2 |1− z|4 j2j3k+2 N(j1j2j3j4) ×
×
∫ 2j1∏
i=1
d2ti |ti − z|−2
β1
k+2 |ti|−2
β2
k+2 |ti − 1|−2
β3
k+2 |x− ti|2 |D(t)|
4
k+2
(5.13)
where N(j1j2j3j4) is certain normalization factor (see [6]), and
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D(t) =
∏
i<j
(ti − tj),
β1 = j1 + j2 + j3 + j4 + 1,
β2 = k + j1 + j2 − j3 − j4 + 1,
β3 = k + j1 + j3 − j2 − j4 + 1.
(5.14)
To obtain new integral identities one can also use expressions for the SU(N)k 4-point correlators
of the primary fields belonging to the fundamental representation [5]. As a result proper
multiple integrals (4.11) become expressed in terms of the basic hypergeometric functions 2F1.
6 Conclusions, Speculations and Outlook
In this paper we considered the free field approach or bosonization technique for the Wess-
Zumino-Novikov-Witten model with arbitrary Kacˇ-Moody algebra on genus zero Riemann sur-
face. We show how to obtain Schechtman-Varchenko solutions of the Knizhnik-Zamolodchikov
equations as certain correlators in free chiral theory thus providing a simple description of space
of the WZNW conformal blocks. We also propose a simple prescription for “gluing” correlators
from the conformal blocks, quite similar to the Dotsenko-Fateev prescription for the minimal
models [19].
This construction has a simple interpretation in the functional integral language. Namely,
one can attribute the additional marginal terms in action (screening generators) to the func-
tional measure by means of the corresponding δ-function insertions. Thus WZNW model
becomes essentially embedded in a certain subsector of the free fields theory. It is worth
mentioning the analogy of such description with the powerful “projection method” from the
integrable systems theory [29].
Interesting insight on bosonized action arises from the non-critical string theory. Let us
discuss the simplest case. Consider the bosonic Polyakov string propagating in two dimensions.
For many reasons it is useful to compactify it in a certain way. For instance, one can consider
as a target space CP1 with the complex coordinates (γ, γ¯). The conformal anomaly results in
metric dependence governed by the Liouville action — this is the way how the φ field arises. All
fields become “dressed” by the Liouville field — they acquire factors like eαφ where α defines
the anomalous dimension. At the moment the possible dynamics of such a non-perturbative
process is absolutely unknown. But if we are interested in the case when the resulting string
theory has a current algebra on the world-sheet, the form of the possible terms in effective
action is strongly constrained. For instance, the Liouville interaction term is forbidden (!)
since it results in screening charge which does not commute with the currents. In fact, the only
possibility is the action S ′φβγ (1.1) corresponding to the SU(2) theory or “conjugated” action
S ′iφβγ corresponding to the SL(2,C) theory. (Note that the β field can be easily integrated
out.) Of course, this is nothing but speculation. However, it gives us an alternative way to
think about our construction and brings an interesting link to such a long-standing problem of
mathematical physics as Liouville theory.
It is worth mentioning renewed interest to the bosonization of the WZNW models related to
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the strings propagating on AdS3×S3, AdS2d+1×S2d′+1 [30, 31, 32]. This interest is motivated by
dualities between certain CFT’s and string theories on anti-de-Sitter spaces with RR fluxes [33].
An intriguing direction for future research comes from the observation [22] that KZ equations
and their SV solutions can be generalized to the case when g itself is an arbitrary Kacˇ-Moody
algebra associated with the symmetriable Cartan matrix. These generalized KZ equations
should correspond to the loop group WZNW model while generalized conformal blocks should
correspond to the some two-loop algebra representations. Such objects are very important for
the unification of conformal and two-dimensional integrable models as points on the String
Theory configuration space [34].
We also believe that the tools described in the paper will help us to understand deeper
and generalize the intriguing interplay between Langlands duality and Sklyanin’s separation of
variables [26, 35].
To summarize, we suggest the following prescription, which generalizes that one from [9, 19]:
N-point correlators of the spinless primary fields in the genus zero WZNW model coincide with
the N-point correlators of the “dressed” vertex operators in theory of free (φ, β, γ)-fields per-
turbed by the exactly marginal terms corresponding to the “squared modules” of simple screening
currents. As one of the possible applications of this prescription, we have obtained a set of new
integral identities between (naively) different hypergeometric functions.
Further development of these methods and generalization of the proposed construction to
the higher genus case will appear elsewhere.
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